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Abstract. A brief review of the extremal projector method for Lie symme- 
tries (Lie algebras and superalgebras as well as their quantum analogs) is given. 
A history of its discovery and some simplest applications are presented. 



1. Introduction 

In 1964 P.-O. Lowdin |E] first obtained an explicit expression of the extremal 
projection operator for the Lie algebra s[2(C). Later such explicit formulas of the 
extremal projectors were found for all finite-dimensional simple Lie algebras [AS2L 
lASTlL IAST2L IAST3j , classical Lie superalgebras jTll , infinite-dimensional affine 
Kac-Moody algebras and superalgebras p'4 , and also for their quantum (g-defor- 
med) analogs pTS , KT . At present the extremal projector method is a powerful 
and universal method for solving many problems in representation theory. For 
example, the method allows to classify irreducible modules, to decompose them on 
submodules (e.g. to analyze the structure of Verma modules), to describe reduced 
(super)algebras (which are connected with the reduction of a (super) algebra to a 
subalgebra), to construct bases of representations (e.g. the Gelfand-Tsetlin's type), 
to develop the detailed theory of Clebsch-Gordan coefRcients and other elements 
of Wigner-Racah calculus (including compact analytic formulas for these elements 
and their symmetry properties) and so on. 

In this paper we give a brief review of the extremal projector method for Lie 
symmetries (Lie algebras and superalgebras as well as their quantum analogs), 
namely, we provide a history of its discovery and some simplest applications. 

2. Projection operators for finite and compact groups 

Let G be a finite and compact group, and T be its representation in a lin- 
ear space V, i.e. g i— > T{g), [g £ G), where T(g) are linear operators acting in 
V, satisfying T{gig2) — T{gi)T{g2). The representation T in is irreducible if 
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Lin{T{G)v} ~ V for any nonzero vector v € V. An irreducible representation (IR) 
is denoted by an additional upper index A, T'^{g), and also V^, or in matrix form: 
(T'^{g)) = {t^j{g)) = 1,2, ... , n), where n is the dimension of V^. 
It is well-known that the elements 

(2.1) ^^ = EW^,(5) 

are projection operators for the finite group G, i.e. they satisfy the following prop- 
erties: 

(2.2) P^P,^; = Sxx'S.kPl 

(2.3) (P^)* = P,i 

where * is Hermitian conjugation. 

The projection operators for a compact group G are modified as follows: 

(2.4) / ^(5)4(3)^5- 
In the case G = S0{3) (or SU{2)) we have 

(2.5) Pi„, - J T{a, p, 7) Dl^, {a, (3, 7) sin (3 da dp dj , 

where a, f3, 7 are the Euler angles and Dl^^, {a, (3, 7) is the Wigner D-function. The 
projection operator := Pjj is called the projector on the highest weight j. 

Thus we see that the projection operators in the form 1)2. l|l or l|2.4|l require 
explicit expressions for the operator function T{g), the matrix elements of IRs 
t^j{g), and also (in the case of a compact group) the (7-invariant measure dg. In the 
case of an arbitrary compact group G these expressions lead to several problems. 



3. Lowdin-Shapiro extremal projector for the angular momentum 

Lie algebra 

The angular momentum Lie algebra so(3) (~ su(2)) is generated by the three 
elements (generators) J+, J_ and Jq with the defining relations: 

[Jo,J±] = ±J±, [./+, J-] -2Jo, 

J|. — , Jq — Jq . 

The Casimir element C2 of the angular momentum Lie algebra (or square of the 
angular momentum J^) is given by: 

(3.2) C2 = = ^ (j+ J_ + J_ J+) + Jo' = J_ J+ + Jo( Jo + 1) , 



(3.3) [J, ,J'] = . 

Let {{jm)} be the canonical basis of su(2)-IR corresponding to the spin j (wave 
functions with definite j and its projection m (m — —j, + for example, 



FORTIETH ANNIVERSARY OF EXTREMAL PROJECTOR METHOD 



3 



spherical harmonics, = Y^). These basis functions satisfy the relations: 
J2|jm) = j(j + l)\jm), Jo\jm) = m\jm) , 

(3.4) 



J±\jm) = \/ ii Tm){j ±m+ 1) \ jm ± l) 
The vectors \ jrri^ can be represented as follows: 
(3.5) \jm) ^ F:,IJjj) , 

where 



/ofi^ _ / (j+"^)! p-n, /pj / (j+m)! 

l^.f^j - y (2j)!(j - m)! - \ ^'"' ^ "^^^ " Y (2j)!(j - m)! + ' 

and is the highest weight vector, i.e. 

(3.7) J+|jj)-0. 

It is obvious that the projector on the highest weight, H2.5|l . satisfies the rela- 
tions: 

(3.8) J+P^ = P^J_ = 0, (PJ)2 = pi . 

An associative polynomial algebra of the generators J±, Jq is called the uni- 
versal enveloping algebra of the angular momentum Lie algebra and it is denoted 
by C/(so(3)) (or [/(su(2)). The following proposition holds. 

"No-go theorem" : No nontrivial solution of the equations 

(3.9) J+P = PJ_ = 

exists in J7(su(2)), i.e. a unique solution of these equations for P G C/(su(2)) is 
trivial P = 0. ^ 

Thus the theorem states that the projector P^ does not exist in the form of 
a polynomial of the generators J±, Jq. This no-go theorem was well known to 
mathematicians, but we can assume that it was not known to most physicists. 

In 1964, exactly 40 years ago, the Swedish physicist and chemist P.-O. Lowdin^, 
who probably did not know the no-go theorem, published a paper in the journal 
Rev. Mod. Phys. Jj,, in which he considered the following operator: 

(3 10) p^ ■ n '^'-^'^^' + ^^ 

This element has the following properties. Let 'ifm=j be an arbitrary eigenvector 
of the operator Jq: 

(3.11) Jo*m = m^rn ■ 

Due to completeness of the basis formed by the vectors {|j»Ti)} (for all possible 
spins J and their projections m) the following expansion holds: ^ 

(3.12) = ^C,.|/m) , 

f 



^ A general mathematical statement of this theorem reads as follows: ''The universal en- 
veloping algebra U (g) of a simple Lie algebra g has no zero divisors." 

^ Per-OIov Lowdin was born in 1916 in Uppsala, Sweden, and died in 2000 (see 
|http://w ww. quantum-chemistry-history.com/Lo wdinl. htm} . 
Here we consider a multiplicity free case. 
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and it is obvious that 

(3.13) P^^rn=j ^Cj\jj) . 

From here we obtain the following properties of the element H3.10|) : 

(3.14) J^P^ = J_ = , 

(3.15) [Jo, P^] = , (P^y = P^" , 

provided that the left and right sides of these equalities act on vectors with a 
definite projection of angular momentum m = j. Therefore the element H3.1()|l is 
the projector on the highest weight. 

After rather complicated calculations Lowdin reduced the operator (|3.10|l to 
the following form: 

n>0 ^ ■' ' 

One year later, in 1965, another physicist, J. Shapiro from USA, published a 
paper in J. Math. Phys. Sh , in which he stated: "Let us forget the initial expres- 
sion H3.10|l and consider the defining relations (|3.14|l and H3.15|l . where P^ has the 
following ansatz: 

(3.17) P^ - J2 CnU)J^Jl ■ " 

n>0 

Substituting this expression in (|3.14|) we directly obtain the formula (|3.16|) . 
We can remove the upper index j in P^ if we replace j —> Jq: 

(3.18) P = Y] ^-^MJo)J-J+ , 

^ — ' n! 

n>0 
n 

(3.19) (p„(Jo) = [](2Jo + A; + l)-i . 

k=l 

The element P is called the extremal projector. If "if is an arbitrary function 

(3.20) *-^Cj,™|jm), 

then 

(3.21) Pvf = ^C„|jj) . 

j 

The extremal projector P does not belong to t/(su(2)) but it belongs to some 
extension of the universal enveloping algebra. Let us determine this extension. 
Consider the formal Taylor series 

(3.22) CnMJo)J-4 , 

n,fe>0 

where Cn,k{Jo) are rational functions of the Cartan element Jo and provided that 
for each series there exists a natural number N for which 

(3.23) \n-k\<N . 
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Let T[/(su(2)) be the hnear space of such formal series. We can show that 
TC/(su(2)) is an associative algebra with respect to the multiplication of formal 
series. The associative algebra TU (su(2)) is called the Taylor extension of ?7(su(2)). 
It is obvious that TU{5u{2)) contains [/(su(2)). 

Remark. The restriction (|3.23() is important. Consider two series: 

(3.24) XI := 4 , X2 ■■=J2J-- 

k>0 n>0 

Their product is reduced to the form H3.22|l 

(3.25) xiX2 = J2 A„,fe(Jo) J"J+ , 

ji,A;>0 

where A„^fc(Jo) is not any rational function of Jq, and moreover it is a generalized 
function of Jq. 

The extremal projector H3.18|l belongs to the Taylor extension TU{su{2)). The- 
refore Lowdin and Shapiro found a solution of the equations (|3.14|l , not in the space 
C/(su(2)), but in its extension TU{su{2)). 

Later Shapiro tried to generalized the obtained formula H3.18|l to the case of 
su(3) (u(3)). The Lie algebra u(3) is generated by 9 elements e^fc {i,k = 1,2,3) 
with the relations: 



(3.26) [eij, Cfci] = SjkBa - Siiekj , e 
Shapiro considered the following ansatz for P: 

(3.27) P := 2^ L'n.,m,(eii,e22,e33)e2i'e3fe3;^ei2 da 623' 
and he used the equations 

(3.28) e,^P = Pe^., = (i < 3) . 

(3.29) [e,„ P] = (i = l,2,3) . 
From the last equation it follows that 



(3.30) 




TOl + 7712 
7772 + 



Under the conditions H3.30() the expression H3.27|l belongs to r[/(5u(3)). A system of 
equations for the coefficients Cm^mX^w^ £22, £33) was found to be too complicated, 
and Shapiro failed to solve this system. 

In 1968 R.M. Asherova and Yu.F. Smirnov |AS1| made the first important step 
in order to obtain an explicit formula for the extremal projector for u(3). They 
proposed to act with P described by the Shapiro ansatz 1)3. 27|) on the extremal 
projector of the subalgebra su(2) generated by the elements 623, 632, 622 — 633, 

(—1)" 

(3.31) ^^23 = X ^^'^n(e22- 633) 6^2623 , 

n>0 

where 

n 

(3.32) <^„(e22-e33) = Y[{e22 - €33 + k + 1)-^ . 

fc=i 
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Since 623^23 = 0, therefore we obtain the following form for P(su(3)): 

(3.33) -P = ^ Cni^na.naCsil; ^22, 633) 62163^ "^Bgle^'j "''ei3-f23- 

ni>0 

In this case the system of equations for the coefficients C„. (e^i) is simpler, and it 
was solved. However, the explicit expressions for the coefficients Cmieu) are rather 
complicated. The next simple idea |T] was to act on the expression H3.33|l (from 
the left side) by the extremal projector of the subalgebra su(2) generated by the 
elements ei2, 621,611 — 622. As a result we obtain the following simple form for 
P := P(su(3)): 

(3.34) P = Pi2(Y. Cnien - 633) 6^16^3)^23 ■ 

The final formula is 
(3.35) 
where 

(3.36) Py 



(3.37) fn{eii-ejj) 

It was found that this formula is fundamental. In the next section we give the 
explicit formula of the extremal projector for all finite-dimensional simple Lie alge- 
bras. 

4. Extremal projector for simple Lie algebras 

Let g be a finite-dimensional simple Lie algebra and A+(0) be its positive root 
system. A generalization of the formulas H3.35|l - H3.37|l to the case of g is connected 
with the notion of normal ordering in the system A+(g). 

DEFINITION 4.1. We say that the system A+(g) is in normal ordering if each 
composite (not simple) root j = a + (3 (a,/3, 7 G A+(g)) is written between its 
constituents a and p. 

Remarks, (i) We can show that the normal ordering in the system A+(g) 
exists (see T6. ). (ii) For classical simple Lie superalgebras the normal ordering is 
defined for a reduced root system A_|_(g) Tl , and for infinite-dimensional affine 
Kac-Moody algebras and superalgebras the definition of the normal ordering is 
modified ITHITsUTT) . 

The normally ordered system A+(g) is denoted by the symbol A+(g). Let 6^^, 
be Cartan-Weyl root vectors normalized by the condition 

(4.1) [e^,e_^] = h^. 

Theorem 4.2. The equations 



n>0 



P — P12P13P23 



( — 1)" 



= II ('^" ~ + k + j - i) ^ 



k=l 



(4.2) 



e.P = Pe_^ = (V 7 e A+(g)) , P^ ^ P 
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have a unique nonzero solution in the space of the Taylor extension Tq{g) and this 
solution has the form 

(4.3) p= n ^7 ' 

76A+(a) 

where the elements are defined by the formulae 

('_1 \n 

(4-4) ^7 = EH^^7.«^-"<' 

n>0 

n ^ 

(4.5) V^,n = Y[{h^ + iP,l) + ^il,l)k 

fc=i 

Here p is the half-sum of all positive roots. 

In the next Sections 5-8 we consider some simplest applications of the extremal 
projectors for the Lie algebras su(2) and 5u(3). 

5. Clebsch-Gordan coefficients for the angular momentum Lie algebra 

Let {|ji»Tii)} be wave functions of two systems (canonical bases of two IRs of 
the angular momentum Lie algebra) with spins ji {i = 1, 2). Then {|jimi)|j2m2)} 
is the uncoupled (tensor) basis in the representation ji ® j2 for su(2) (g)su(2). In 
this representation there is another basis |jij2 '-fsfn^) which is called coupled with 
respect to su(2) (which is a diagonal embedding in su(2) (g) su(2)). We can extend 
the coupled basis in terms of the uncoupled one: 

(5.1) Ifm-jsms) ^ E (jlTOlj2m2|j3TO3)|jl»7il)|j2TO2) , 

where matrix elements (j'lmi j'2TO2|j3?713) are called Clebsch-Gordan coefficients 
(CGC). 

One can show that CGC can be presented in the form: 

f. . |. X (jl"ll|(j2TO2|i^,^,.3.„|jljl)b2j3 - jl) 

(5.2) (jlTOi ^2^2 h3»7i3) - 



\J {jih I O2 j3 - ii\Pj^-j., \jiii)\j2 h - ji) 

where P^^,^.,j^i is a general projection operator which is connected with the extremal 
projector as follows: 

(5.3) P^' , := fJ\^ Pi' F.^' , , 

and it is constructed from the generators of the coupled system, Ji{3) = Ji{^) + 
J,(2) = A(J,) = J, (g) 1 + 1 (g) J,, (i = ±, 0). 

Using the explicit formulas 1)3. 6|l and ()3.16|1 one can easily obtain the final 
formula of su(2)-CGC: 

(jlTOij2TO2|j3'7l3) = S^i+^^.jns 

y. / (2 js + 1 ) (i2 - m2 ) ! jja+ms ) ! ( ji + j2 + ja + 1) K i 1 +i2 -jaV- jji -j2 +33 ) ! 

(5.4) V (ii+mi)!(ji-»Tii)!(j2+m2)!(i3-m3)!{-ii+i2+j3)! 



(-I)n+i2-j3-"(2j2-n)!(ji+j2-m.3-n)! 
\{j2-m2-n)\(ji +j2 -is -n) ! ( ji +j2 +j3 + 1 ! 
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This formula was obtained by Shapiro |Sh| . and it allows to obtain all classical 
symmetry properties of CGC: permutations and conjugations. 

6. Gelfand-Tsetlin basis for su(3) 

The Lie algebra 5u(3) is generated by the elements = 1, 2, 3) provided 

eii + 622 + 633 = with the relations H3.26|l . Let (A/x) be a finite-dimensional 
irreducible representation (IR) of su(3) with the highest weight (A/i) (A and fi are 
nonnegative integers). The highest weight vector, denoted by the symbol |(A/i)/i), 
satisfies the relations 

(en - 622)1 (A^)/i) = A|(A^)/i) , 

(6.1) (622 - e33)|(A^)/i) = fi\{Xn)h) , 

e,J\{X^i)h) =0 {2<j). 

The labelling of other basis vectors in IR (A/i) depends upon the choice of subalge- 
bras of su(3) (or in another words, depends upon which reduction chain from su(3) 
to the subalgebras is chosen). Here we use the Gelfand-Tsetlin reduction chain: 

(6.2) su(3) D My-(l) ®su^(2) D u-rj,(l) , 
where the subalgebra surp{2) is generated by the elements 

(6-3) T+ 1= 623, T-:^e32, 70 — ^(622^633), 

the subalgebra Uj,^{l) is generated by Tq, and Uy(l) is generated by F"* 

(6.4) Y = -^{2e,,-e,-e,) . 

In the case of the reduction chain H6.2II the basis vectors of IR (A/i) are denoted by 

(6.5) |(AM)itt.) ■ 

Here the set jttz characterizes the hypercharge Y and the T-spin and its projection: 
Y\{Xfi)jtt,) = y\{Xfi)jtt,) , To\{Xfi)jtt,) = t,\{Xfi)jtt,) , 

(6.6) 

T±\{X^l)jtt,) = ^{tTt,)it±t, + l)\iX^i)jtt,±l) , 

where the parameter j is connected with the eigenvalue y of the operator Y as 
follows: y = -^(2A + fj) + 2j. It is not hard to show (see [PSTIL IAST5j ) that 
the orthonormalized vectors H6.6|) can be represented in the following form: 

(6.7) \{Xf,)jtU) = Fl^''\Jtt,)\{X^,)h) := Nf,^^P,\, elf'''~'ei-^^'+'\{Xfi)h) , 

where Pfl-t' is the general projection operator of the type H5.3() for the Lie algebra 
surp(2), and the normalization factor Nj^^^ has the form 



(c 8^ Af(^^) - f (^+|A'-J+*+i)KA+|M-i-<)K^A^+j+*+i)K|M-i+t)! 



In elementary particle theory the subalgebra suj,{2) is called the T-spin algebra and the 
element Y is called the hypercharge operator. 
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The quantum numbers jt take ah nonnegative integers and half-integers such that 
the sum ^fJ, + j + t is an integer and they are subjected to the constraint 



(6.9) 




+ j + t < A + ^ . 



For every fixed t the projection tz takes the values = —t, —t + l,...,t — l,t. 

The explicit form (|6.7I) of the basis vectors {\{X^)jttz)} allows to calculate 
easily the actions of the generators e^^- (see jPSTlL IAST5p . 

7. Tensor form of the 5u(3) projection operator 

It is obvious that the extremal projector of su(3) can be presented in the form 
(7.1) P(su(3)) = P{BuA2)){P,,P,,)P{5Urm. 

Now we present the middle part of (|7.1|) in terms of the sut(2) tensor operators. 
To this end, we substitute the explicit expression for the factors P12 and P13, and 
combine monomials e2i^Ti ^^^^ ^12613- After some manipulations with sums we 
obtain the following expression for the extremal projection operator P:=P(su(3)) 
in terms of tensor operators: 



(7.2) P = PiBuA2))[J2A,,^RlRl)Pi5uA2)) 

where 
(7.3) 



_ (-I)^^yi2(yi2+i + i. -i)!(yi3)! 
(2j)!(¥'i2 + 2j)!(^i3+J+J.)! 



ipii+i ■= eii~ Ci+ii+i+i, {i = 1,2), and 



m 

/.)!(J 



The elements and Pj^ are irreducible tensor components, i.e. they satisfy the 
relations 

(7.6) [T,,Rl]=Y,{jj'.\T.\jJ^)Rk ■ 

Below we assume that the su(3) extremal projection operator (|7.2I) acts in a 
weight space with the weight (A/i) and in this case the symbol P is supplied with 
the index (A/^), P^'*''^), and all the Cartan elements en — e^+ii+i on the right side 
of (|7.2|l are replaced by the corresponding weight components A and fi. 

Now we multiply the projector p('^^) from the left side by the lowering operator 
Fl^^\jttz) and from the right side by the rising operator {F!^^^\jttz)Y i ^-^d 
finally find the tensor form of the general su(3) projection operator: 

(7-7) I^tf^^j,^,^,^ = ^ Pj;^^2 IRtt^_t„j„ IR/„jt/j,(^ , 

J"t" 



10 



VALERIY N. TOLSTOY 



were the coefficients B^^^^} are given by 

^(am) _ {-lr^+^'+^"-''+'"{x+l){^l+m+^l+2) r J j" j+f 

^f't" (A+i^+/'+i"+2)!(A+iAi+j"-t"+l)!(2j")! [t" t 

(7.8) X I I ^{x + ^^,-J + t + mx + ^^^-J-t)l 

(A+lA^-/+^-+l)!(A+i/.-/-tO!(2j+2j"+l)(2/+2j"+l )V 
(2j)!(2/)!(2<+l)(2i'+l) 

The operators IRtj^ tn^,, and JRl„^,\n, are given by 

(7.9) IR^,^^,,,, := ^/W+T) Y.{jj. U'^\t%) R^^I^,^,^ . 

The formula (|7.7|) is the key for the calculation of su(3)-Clebsch-Gordan coefficients. 



8. General form of Clebsch-Gordan coefficients for su(3) 

For convenience we introduce the short notations A :— (A/i) and 7 :— jtt^, and 
therefore the basis vector \{\^)jttz) will be denoted by IA7). Let {|Aj7j)} denote 
bases of two IRs A^ (z — 1, 2). Then {|Ai7i) IA272)} form a basis in the representa- 
tion Ai ® A2 of su(3)(8)su(3). In such a representation there is another coupled basis 
IA1A2 : sA373^, where the index s classifies the multiplicity of the representations 
A3. We can expand the coupled basis in terms of the tensor ("uncoupled") basis 
{|Ai7i)|A272)}: 

(8.1) IA1A2: SA373) = ^ (Ai7i A272ISA373) |Ai7i)|A272) , 

71:72 

where the matrix element (A171 A272ISA373) is the Clebsch-Gordan coefficient of 

5U(3). 

We can show that any CGC of su(3)) can be represented in terms of a linear 
combination of the matrix elements of the projection operator (|7.7|l 

(8.2) (Ai7iA272kA373) -E^(^2)(^i^iK^272|i;t/.l^i^)l^272) ■ 

72 

Classification of the multiple representations A3 in the representation Ai (g) A2 is a 
special problem and we shall not touch it here. 

We give here an explicit expression for the more general matrix elements in 
comparison with the right-side of (|8.2|l : 

(8.3) (Ai7i|(A272|P^;^^,|Ai70|A270 • 
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Using (|7.7|I - H7.9|I and the Wigner-Racah calculus for the subalgebra su(2) it is not 
hard to obtain the following result (see jPSTlL lASTSj ): 

x(A3 + l)(/i3 + l)(A3+M3 + 2) A Ci{'j;,'t['t'jt',' 
(8.4) j;'i2'*'i't-2't3' 



Jl-;i J2-j!I Jl+j2-jr-jn fjl-J^ J2-;2 Ji+J2-Jl-J2 
^1 ^2 ^3 ( \ ^1 ^2 ^3 

ti t2 J [ t[ t'2 t'^ 



where 



(8.5) 



A 



/ (2fi+l)(2f2+l)(2ii+l)!(2i2+l)!(A3 + |M3-i3+t3+l)!(A3 + ^M3-i3-t3)! 
V ( Ai+I Mi-ii+ti+l) ! ( Ai+i Mi-ii-fi ) ! ( A2+^M2^2+i2+l) ! ( A244M2^2-t2 ) ! (2i3 ) ! 



X 



(2f;+l)(2f^+l)(2i;+l)!(2i^+l)!(A3 + ^M3-i3+*3+l)KA3 + ^M3-i3-*3)! ^ 2 



(8.6) 



_ (-l)^Ol+^2+^3-^"~^-2)(2(ji+J2-j7~j^0 + l)! 

- (2i;')!(2j-)!(2ii-2j;')!(2i2-2j-)!(2ii-2j-)! 
(2(i; +i^-ji'-j^0+l)!(2f'/+l)(2f^'+l)(2t^'+l) 

^ (2j^ -2j^')! {2{il^t;2 -h 

(Ai+lMi-ir+fr+l)KAi+^Mi-irtr)KA2+^M2-j^'+t^'+l)!(A2+iM^^^^^ 

^ (A3+|M3+il^:J2"j3-i^-i2+*3+2)KA3+|M3+il^^2-j3-i^'-i 

ii-i" Ji 1 / j2-j2 J2 i2 1 / ja ji+h-j-i-Ji-j'-l ii+h-Ji-j'i 



i^l <i J \ ^2 ^2 J I ^3 *3 5^3 

fl~3l 3l il 1 J j2~J2 J2 ^2 1 J J3 Jl+i2^J3^il "^2 Jl+72^i"^i2 
iMl *'l i'l J I 5^*2 ^2 *2 J I 4' 4 5M3 



Here everywhere the braces denote 6j- and 9j-synibols of the Lie algebra su(2). 

9. Bibliographical notes of applications for the extremal projectors 

For the convenience of the reader the main development of the subject will be 
characterized in this Section by the most important references. In particular: 

• Explicit description of irreducible representations of (super)algebras (con- 
struction of different bases, actions of generators and their properties). 
Results: The Gel'fand-Tsetlin bases for: 

su(n) (R.M. Asherova, Yu.F. Smirnov and V.N. Tolstoy (1973)), 

so{n) (V.N. Tolstoy (1975, unpublished)), 

G2 (D.T. Sviridov, Yu.F. Smirnov and V.N. Tolstoy (1976)), 

osp(l|2) (F.A. Berezin and V.N. Tolstoy (1980)), 

gl{m\n) (V.N. Tolstoy, I.F. Istomina and Yu.F. Smirnov (1986)), 

Ug{su{n)) (V.N. Tolstoy (1990)), 

C/,(5u(l|n)) (T.D. Palev and V.N. Tolstoy (1991)), 

sp(2n)) (A.I. Molev (1999)). 
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• The theory of Clebsch-Gordan coefficients of the simple Lie algebras. 
Results: 

su(3) (Z. Pluhar, Yu.F. Smirnov and V.N. Tolstoy (1981-86)), 
C/,(su(2)) (Yu.F. Smirnov, V.N. Tolstoy and Yu.I. Khatritonov (1991-93)), 
C/g(su(3)) (R.M. Asherova, Yu.F. Smirnov V.N. Tolstoy (2001)), 
Uqlsu{n)) (V.N. Tolstoy and D.J. Draayer (2000)). 

• Description of reduction algebras (Mikelson's algebras). 
Results: A„, S„, C„, D„ (D.P. Zhelobenko (1983)), 
su(TO|n), O0p(TO|2n) (V.N. Tolstoy (1986)), 
Ug{su{n)) (V.N. Tolstoy (1990)), 

C/,(su(l|n)) (T.D. Palev and V.N. Tolstoy (1991)). 

• Description of Verma modules of Lie (super)algebras (singular vectors and 
their properties). 

Results: for the simple Lie algebras (D.P. Zhelobenko (1985)). 

• Construction of solutions of the Yang-Baxter equation with the help of 
projection operators. 

Results: for u(3) and u(n) (Yu.F. Smirnov and V.N. Tolstoy (1990); V. 
Tarasov and A. Varchenko (2002)). 

• Connection between extremal projectors and integral projection opera- 
tors. 

Results: for the simple Lie algebras (A.N. Leznov and M.V. Savel'ev 
(1974)). 

• Connection between extremal projectors and canonical elements. 
Results: for g-boson Kashiwara algebras (T. Nakashima (2004)). 

• Generalization of extremal projectors. 

Results: for s[(2) (V.N. Tolstoy (1988)), 

Uq{5l{2)) (H.-D. Doebner and V.N. Tolstoy (1996)). 

• Construction of indecomposable representations. 

Results: for Uq{sl{2)) (H.-D. Doebner and V.N. Tolstoy (1996)). 
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